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ABSTRACT

This communication proposes a simple approach to
model planar multilayered structures based on an Inte-
gral Equation technique. This method is applicable to
a wide range of practical boundary conditions and basis
functions while keeping a simple formulation in all cases.
The technique is based on the modal representation of
the Green’s function in a laterally bounded media (e.g.
waveguides or periodic structures) and reduces the sur-
face integrals to simple line integrals over contour of the
basis function’s domain. The final formulation presents
important advantages due to its generality, simplicity and
efficiency.
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1. INTRODUCTION

Planar structures include many different geometries,
ranging from cavity-backed microstrip antennas, to
frequency-selective surfaces and photonic band-gap ma-
terials. In all of them, the presence of planar dielectric
layers, metallic/slot surfaces and laterally bounding con-
ditions is a common denominator. Therefore, any of the
structures is represented by the generic electromagnetic
(EM) problem depicted in Fig. 1.

From the point of view of mathematical and numerical
modeling, one of the most successful approaches, pro-
viding a general framework for this type of structures, is
the Integral Equation (IE) model combined with a dis-
cretization procedure like the Galerkin-Method of Mo-
ments (MoM) [1]. Essential to the IE-MoM approach is
the knowledge of the pertinent Green’s functions (GF).

For this problem, the formulation of the GF can consider
the effect of the lateral boundaries and the multilayered
media. Using the equivalence principle [2], the remain-
ing elements embedded in the media, namely the planar
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Figure 1. Representation of a generic cross-section of
a laterally bounded planar-multilayered structure. The
planar surfaces D represent electric/magnetic sources
enclosed by a boundary 0.

metallizations and slots, can be replaced by equivalent
sources.

At this point, the election of basis functions to expand
the sources or the type of BCs would traditionally require
different formulations of the problem. Nevertheless, it
will be demonstrated that it is possible to follow a unique
strategy for a wide variety of practical basis functions and
BCs.

The basic idea of this technique is in that the GF of the
structure in Fig. 1 can always be formulated as a series
expansion of modal functions satisfying a particular BC
in the contour 0€2. After application of the MoM, the se-
ries terms are transformed into integrals between modal
and basis functions pairs over a surface domain D. These
integrals can be further simplified by imposing a weak
condition (almost universally used for this type of prob-
lems) on the basis functions.

The reduced complexity of the final formulation allows
the specialization of the problem to a particular BC or
basis function election with minor changes. Moreover,
for practical BCs and basis functions, the integral expres-
sions have analytical solutions, resulting in very efficient
numerical algorithms. It also allows an easy check of



the numerical stability and convergence of the algorithms
as well as a considerable reduction of the computer code
needed for the implementation of different cases.

2. IE-MOM FORMULATION

A system of coupled IEs is obtained by imposing bound-
ary conditions on the electric and magnetic equivalent
surfaces embedded in the bounded-multilayered media as
represented in Fig. 1. These sources are then expanded
with pre-defined basis functions on domains Dy, as

JQ(I‘/) :Zanka(I‘l), k= 1,...,NQ (])
k

where the source index Q = E for a horizontal electric
source or Q = H for a horizontal magnetic source. In
the same expression, aqy are the unknown coefficients
in the expansion of the currents and fqy, are irrotational
and constant divergence basis functions defined on elec-
tric (Q = E) or magnetic (Q = H) surfaces. This con-
dition on the basis function is not very restrictive since
it comprises most of the functions generally used in this
kind of problems.

On the other hand, the GF for a multilayered structure,
embedded into a given lateral boundary condition (BC),
can be represented by means of an infinite series expan-
sion

Gro(rlr') = 3 Gri(=, ) pile,v) ai (¢',9), (@)
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where the primed and unprimed coordinate refer to
source and observer positions, respectively. Each term
of this series contains two main components identifying
the BCs encountered in the lateral and longitudinal di-
rections. The first one embraces two eigenfunctions (or
modal functions), denoted with {p,, q;,}, satisfying the
lateral BCs and evaluated in source and observer points.
The second component Gp; is a spectral function ac-
counting for the presence of the piled layers in the lon-
gitudinal direction.

Using the Galerkin procedure, the same set of functions
as the one used for the basis functions is chosen. This
way, the original coupled system of IE is transformed into
an algebraic linear system of equations, with coefficients
oQrk as unknowns

[Ree]  [Ren] [ag] | _ | [l 3)
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The term (k,l) in each submatrix (also called reaction
term) can can be written, using (2), in a condensed form

as N
Req(k,1) = > GriCo(k,i)C3(1, 1), 4)
where

Co(k.i) = / fon (e, y)pi(ey) dedy. ()
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The reaction formula in (4) separates the source and ob-
server contributions in each term of the series expansion.
The kth and [th basis functions are projected on each ith
modal function using the overlapping or coupling integral

(5).

3. OVERLAPPING INTEGRALS

Considering the overlapping between electric/magnetic
sources and TE/TM/TEM modes, there are 6 different
combinations of (5) to be solved, namely

cr = /f-e( as (62)
D

cr = / f-h7ds, (6b)
D

with 7 = {TE,TM,TEM}. The electric (magnetic) over-
lapping includes the transversal electric (magnetic) vec-
tor component of a mode, as defined in Table 1, and a
generic basis function satisfying

Vixf=0 (7a)

with d a real constant and V, = V — 20/0z.
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Table 1. Modal transverse vector components expressed
in terms of potential functions x, x° satisfying Helmholtz
and Laplace equations in §Q, respectively.

3.1. Transformation to Contour Integrals

Substituting the field expressions of Table I into (6)
shows that the initially six combinations can be reduced
to only three surface integrals

/f-(éxle)dS:/(fxé)-Vtde:

D
KCOTE = —kC™M = —C™(with x = x°)  (8a)

/f VixdS = —kO™ = —kCF, (8b)
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where x # 0. In the TEM case we also find

/f Vi’ dS = —CcFM (8¢)
D

for k = 0.

But these expressions can be further simplified if the sur-
face integrals are transformed into contour integrals. This
is mainly achieved, after some mathematical manipula-
tions, by using the Green’s first identity

/A-V[BdS:j{Bﬁ-Adl—/BVt-AdS )

where {A, V B} are two generic vector functions. The
vectors U, 7 are defined on the contour 9D as can be de-
duced from Fig. 1. The TEM case also requires the defi-
nition of an auxiliary potential function g satisfying

f = Vg, (10a)
Ay = d. (10b)

A summary of the equivalent contour integrals is given in
Table 2. It should be underlined that at this point the over-
lapping integrals suffered a considerable simplification
by only imposing weak conditions on the basis functions.
The basis functions are only evaluated along the normal
(subindex v) or tangential (subindex 7) of the source do-
main’s contour.

Surface integral Contour integral.

[f-(2x V) dS ¢ xf-dl
D oD
k£0 | $xfudl+% § Xl
oD oD
ff~V[XdS
D 0
k=0 fg%dl
oD

Table 2. Surface to contour integral equivalencies.

3.2. Subsectional Basis Functions on Polygonal Do-
mains

Subsectional basis functions are a convenient and fre-
quent choice in IE-MoM problems specially when the
surface sources have arbitrary shapes. Each function is
defined over a polygonal support D (an ensemble of cells)
that divides the original planar surface. For this reason,
the contour integrals of Table 2, can be expressed as a
sum of one-dimensional integrals over each side of the
cell

foos ([ =S /

(1)

The parametrization used in this case

o,: [0,1] — R?

t o~ r(t) =Pyt Lytr, (2
maps each gth side into the ¢ € [0, 1] segment. Regarding
Fig. 1, each side starts in P, and it has a distance L in
the direction 7.

Moreover, considering rooftops rectangular cells or RWG
basis functions [3] (note that both satisfy (7)) the evalu-
ation of f components along the cell’s edge can be ex-
pressed as polynomial functions in the variable .

The normal component f,, vanishes since, by definition,
is zero or the vector direction is always parallel to the
edges. The only exception appears if a half-rooftop basis
function is defined (e.g. in a J-gap excitation scheme).
In this case, the normal component is set to be constant
(normally equal to unity) on the non-vanishing edge, that
will be denoted as ODC.

On the other hand, the longitudinal variation f. along an

edge is linear and therefore the function g, defined in (10),
must be quadratic in ¢. More specifically,

£, (Uq(t>> Tg =M (P, @)t + Ao(p, q) (13a)

gp (04(t)) = B2(p, ¢)t> + B1(p, ¢)t + Bo(p,q) (13b)

with A;(p, q), Bi(p,q) € R being constants that depend
on the gth side and pth orientation of the basis function
with respect to the cell.

Therefore, the expressions in Table 2 can be rewritten as

/xfp-z?qdl:

oD,

1
[ x(oq4(t)dt, if 9D, = OD;

otherwise.
(14a)
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Regarding (14), the integral problem is now reduced to
the solution of only two types of one-dimension integrals
int € [0, 1] on each gth segment of the polygon, namely

(14b)

1
qZB D, q /tzvtx o4(t)) -y dt
= 0

(14c)
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t' x(o4(t)) dt, (152)
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and
1

/ti Vix(o4 (1)) - o dt. (15b)
0
for: =0,1,2.

3.3. Boundary Conditions

It is evident from (15), that solving the problem for a dif-
ferent lateral BC is achieved by simply using the corre-
sponding potential function x. Moreover, the resulting
integrals have analytic solution for most of the known
shapes with PEC/PMC or periodic boundary conditions
(PBO).

For example, if the structure is confined into a rectangular
waveguide (PEC with rectangular shape a x b) then the
potential functions are trigonometric functions defined as
x(z,y) = {¢,v} and k = ky,,, for TE and TM cases

Yrn = 6”;;” cos(kmx) cos(kny) (162)

O = sin(kmx) sin(kny) (16b)
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respectively; with Q = ab, ¢, = { %’ 1;27:&8’ s

K = ™% and k,, = 2T .

On the other hand, a periodic structure (PBC on 0f2) con-
sisting in a general skewed lattice (with an angle alpha)

illuminated with a plane wave k™ defines a potential
function x(z, y) for each Floquet mode as

1 .
Xmn = ﬁ exp [J(kzmz + kymny):|a

where 2 = |a x b| = absina, kgm = 22T — ki, and
_ 2nm o _ 2mm
kymn ~ bsina ky S atana’

The formulation of other type of boundary conditions is
analogous as soon as the eigenmode solution is known.

4. NUMERICAL EXAMPLES

A free-standing strip enclosed using different BC walls,
as represented in Fig. 2, will serve as example to show
the validity of this unified approach. The strip is subdi-
vided with rectangular cells. The dashed rectangle OS2
surrounding the figure delimits the BC contour.

In the first example, depicted in Fig. 3(a), the strip is used
as a planar obstacle inside a rectangular waveguide to
scatter the fundamental mode. The response is plotted
in Fig. 4. Next, the strip is periodically repeated in an in-
finite rectangular lattice as shown in Fig. 3(b). The scat-
tering of a linearly polarized plane wave impinging on the
structure is given in Fig. 5.

e

Figure 2. Free-standing strip (solid line) with PEC or
periodic boundary conditions (dashed line). Dimensions
areinmm: w = 2.38,1 =13.3,a = 7.6, b = 15.2.
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(a) Obstacle in rectan- (b) Periodic lattice of planar
gular waveguide. strips.

Figure 3. Structure of Fig. 2 represented in with different
BCs.

5. CONCLUSIONS

The presented method provides an efficient technique
to analyze practical planar structures in multilayered-
bounded media. It provides a simple and versatile for-
mulation allowing to deal with different topologies with
minor changes. In addition, an analytic solution of the
integral expressions is found in most cases, the numer-
ical stability and convergence is easy to check and the
computer code needed to implement it is considerably re-
duced.
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Figure 4. The scattering parameters of the TEy; mode.
Results obtained using this method are shown in solid
lines and the method in [4] with the dashed lines.

REFERENCES

(1]

(2]

(3]

R. F. Harrington. Field Computation by Moments
Method. The Macmillan Company, 1968.

C. A. Balanis. Advanced Engineering in Electromag-
netics. Wiley, New York, 1989.

S. Rao, D. Wilton, and A. Glisson. Electromagnetic
scattering by surfaces of arbitrary shape. IEEE Trans-
actions on Antennas and Propagation, 30:409—418,
May 1982.

I. Stevanovié, P. Crespo-Valero, and J. R. Mosig. An
integral-equation technique for solving thick irises
in rectangular waveguides. IEEE Transactions on
Microwave Theory and Techniques, 54(1):189-197,
January 2006.

C. H. Chan and R. Mittra. On the analysis of
frequency-selective surfaces using subdomain basis
functions. IEEE Transactions on Antennas and Prop-
agation, 38(1):40-50, January 1990.

0.4 i
6 8 10 12 14 16 18 20
Frequency [GHz]
(a) Magnitude of the reflection coefficient.

260

240

220+

200
U
N

180

160

140¢

120 :
6 8 10 12 14 16 18 20

Frequency [GHz]
(b) Phase of the reflection coefficient.

Figure 5. The reflection coefficient as a function of fre-
quency for a TEy illumination with 0 = 0.1°, ¢ = 0°.
Results obtained using presented theory are shown in
solid lines and the values taken from [5] with the dashed
ones.
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